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Exercise 1. The weak derivative of f is given by

f’(x) _ {1 forall z >0

-1 for all z < 0.

Indeed, for all p € P(I) = C>

(1), we have

/11f($)§0/(l‘)dx _ _/le@'(x)dx+/olx¢/(x)dx
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= lrp(@)E + / o(@)dz + [z ()] / o(z)dz
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By contradiction, assume that there exists a sequence { fn },,c such that f, — fin W, As {f,}, oy
n—roo

and {f;},cy converge uniformly, we deduce in particular that f € C*(I), which contradicts the fact that
f is not differentiable at « = 0.
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Exercise 2. 1. By the co-area formula, if 8(d) = s#9-1(S471) = is the area of the (d — 1)-

[JISH

dimensional sphere S~ C R, we have

R
u(z)|Pdx = rd=Y f(r)|Pdr
/B(&R)|<>|d ﬁ(d)/ F(rPdr,

0

which proves the claim.

2. We have
x
Vu(z) = mf'(|$|)7 (1)
which shows that |Vu(z)| = |f/(Jz])|, and the claim follows from the previous formula, provided

that we show that the expression (1) is the weak derivative of u as a Sobolev function. For all
© € C*(B(0,R)), we have
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Assuming that

R
/ A= (1) |Pdr < oo,
0

we deduce that Ou € L?(B(0, R)). Furthermore, as u 8390 € LY(B(0, R)), we deduce that
;i T
lim U Op dr = / U Op dz.
=0 JB\B.(0) OTi Br(0) O

Furthermore, we have
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Now, assuming that u € WHP(B(0, R)), then the weak derivative of the restriction of u to B(0, R)
is given by the formula (1). The previous computation shows that Vu satisfies the same integration
by parts formula as the weak derivative and the fundamental lemma of the calculus of variations
implies that functions that agree almost everywhere in B(0, R) \ {0} agree almost everywhere in
B(0, R). Therefore, the expression (1) is the weak derivative and the proof is complete.

3. We have

R R d
/ A= f(r)|Pdr = / rd=IHPY <00 =y > o (2)
0 0

d
Therefore, v € LP(B(0,R)) if and only if v > s Likewise, since f/(r) = y77~!, we have
d
u € WHP(B(0, R)) if and only if vy > 1 — —.
p

Exercise 3. The proof is given in the lecture notes (Lemma 2.6.2).

Exercise 4. The proof follows the same approach as in the course for the Poincaré inequality. By

contradiction, there exists {u,,} C S is a sequence such that [[upllisq) = n[|Vunllysq), up to

neN* =
Unp

replacing u,, by , we can assume that

Tl e

||u7l||LP(Q) =L

In particular, we have

<1

Sl

1
||vun||Lp(Q) < n HunHLp(Q) =

Therefore, {uy},,cy is a bounded sequence in WP(Q), and since Q is open, bounded, and Lipschitz, the
theorem of Rellich-Kondrachov shows that there exists uo, € WHP(Q) such that u,, — us strongly in
n—oo

LP(Q) and Vu,, — Vue weakly in LP(Q2). In particular, we have
n—oo
HvuOOHLp(Q) < h,{ggf ||VU7IHLP(Q) =0.
Therefore we have Vuo = 0, and since [|[Vuy ||,y — 0, we deduce that
n— oo
i — oo s (o) = 0.
Since S is closed, we have u., € S. However, the strong convergence of {uy}, .y shows that
HuooHLp(Q) = nlggo HunHLP(Q) =1 (3)

Since Voo = 0 and uq, € S, we must have us = 0, and that contradicts (3).

For example, if « > 0 and S = WP(Q)N{u: £ N {z: [u(z)| # 0}) > a}, then we get a Poincaré
inequality for this class of functions.



